The direct random phase approximation (RPA) and RPA with second-order screened exchange (SOSEX) have been implemented with complex orbitals as a basis for treating open-shell atoms. Both RPA and RPA+SOSEX are natural implicit current density functionals because the paramagnetic current density implicitly is included through the use of complex orbitals. We confirm that inclusion of the SOSEX correction improves the total energy accuracy substantially compared to RPA, especially for smaller-Z atoms. Computational complexity makes post self-consistent-field (post-SCF) evaluation of RPA-type expressions commonplace, so orbital basis origins and properties become important. Sizable differences are found in correlation energies, total atomic energies, and ionization energies for RPA-type functionals evaluated in the post-SCF fashion with orbital sets obtained from different schemes. Reference orbitals from Kohn-Sham calculations with semi-local functionals are more suitable for RPA+SOSEX to generate accurate total energies, but reference orbitals from exact exchange (non-local) yield essentially energetically degenerate open-shell atom ground states. RPA+SOSEX correlation combined with exact exchange calculated from a hybrid reference orbital set (half the exchange calculated from exact-exchange orbitals, the other half of the exchange from orbitals optimized for the Perdew-Burke-Ernzerhof (PBE) exchange functional) gives the best overall performance. Numerical results show that the RPA-like functional with SOSEX correction can be used as a practical implicit current density functional when current effects should be included. Published by AIP Publishing. [http://dx
I. INTRODUCTION
The random phase approximation (RPA) 1 long has been valuable for the development of approximate density functionals. Early on, the RPA correlation energy of the homogeneous electron gas was used in fitting analytical forms of local density approximations (LDAs) for exchange and correlation (XC). 2-4 RPA expressions also were used to determine the density gradient dependence and shape of correlation holes. 5, 6 RPA and related functionals utilize both occupied and unoccupied orbitals, hence stand on the fifth rung of the Jacob's ladder of approximate functional complexity. 7 Fully compatible with exact-exchange, they show promise to solve several long-standing difficulties with less sophisticated C approximations, hence have attracted much attention in recent years. As RPA overestimates short-range correlation, 8 it also has been used in conjunction with short-ranged local or semilocal density functionals, thereby combining the strengths of both. [9] [10] [11] [12] [13] Recently, many RPA variants and so-called beyond-RPA methods have been devised. Successful applications to atoms, molecules, surfaces, and solids have been reported. [14] [15] [16] [17] [18] Some recent reviews on RPA are given in Refs. 19-21. a) Authors to whom correspondence should be addressed. Electronic addresses: zhuwm@hznu.edu.cn and trickey@qtp.ufl.edu
In the broader context of XC functional development, there is a common limitation. Most conventional approximate XC functionals fail to yield a properly degenerate ground state energy for current-carrying and zero-current states of openshell atoms. 22, 23 Ayers and Levy have given constraints on XC functionals for delivering such degenerate states and observed that it is very difficult to imagine a semi-local functional (e.g., generalized gradient approximation, GGA and meta-GGA, mGGA) which would be able to meet those constraints. 24 But even exact exchange treated approximately (occupied orbitals only in the optimized effective potential) fails to give proper degeneracy in the spin-unrestricted case. 25, 26 The usual diagnosis attributes the failure to the lack of paramagnetic current density dependence in the approximate functionals. Multiple remedies have been proposed [27] [28] [29] [30] based upon modification of existing functionals, either by introducing explicit current dependence or doing so implicitly through complex orbitals.
The form of explicit current-dependent modifications is ambiguous: there is no plain prescription for how a current density should be added to those functionals. Guidance might be sought from the more general case of an applied external magnetic field. In principle, that requires invocation of current density functional theory (CDFT). 31 Vignale and Rasolt gave a gauge-invariance argument that CDFT XC functionals should depend upon the so-called vorticity,
Here j p (r) is the paramagnetic current density and n(r) is the electron number density. Vignale, Rasolt, and Geldart proposed a local approximation for the current contribution to the XC energy denoted as VRG. 31, 32 Unfortunately, our previous studies on both Hooke's atom and real atoms showed that � is a difficult computational variable, VRG can be qualitatively wrong, and inclusion of �-dependence did not lead to systematic improvement 33, 34 in the quality of computed results. Orestes et al. 35, 36 side-stepped this problem by using perturbative CDFT expressions for the orbital susceptibility to calculate ionization energies. While they found current-induced lowering of states, they did not find resolution of the degeneracy breaking. Roughly concurrently, Tao and Perdew extended the vorticity-dependent correction to GGA and mGGA XC functionals 29 directly. Though the result for degeneracy breaking was substantial improvement for both types of approximate functional, full degeneracy was not restored. The nature of the problem subsequently was illustrated by explicit construction of a non-spherical potential which was constrained to recover the required degeneracy. 37 The great majority of density functional theory (DFT) calculations use the Kohn-Sham (KS) decomposition to produce KS orbitals via self-consistent field (SCF) iterations. In the case of so-called lower-rung functionals, the orbitals are used only in generating n(r), its density gradient (for use in GGA XC functionals), and the kinetic energy density (for use in mGGAs). An implicit common assumption is that j p contributions are small, hence are ignorable. When they are non-negligible, CDFT requires that the auxiliary KS system must generate the same n(r) and j p as for the real system. 31 For non-zero j p , complex KS orbitals therefore are essential; real orbitals always yield vanishing current. Thus, for example, Ref. 28 remarks on the use of complex linear combinations in the PBE functional.
As noted, there has been recent progress on higherrung, orbital-dependent functionals, with accuracy and performance gains in many situations 38 relative to the GGA and mGGA functionals. Use of complex orbitals in an orbitaldependent functional naturally defines an implicit CDFT functional, because of implicit dependence upon both n(r) and j p . This observation seems to have originated with Pittalis et al., who treated only occupied orbitals in their Krieger-Li-Iafrate (KLI) approximation 26 treatment of degeneracy breaking in exact exchange. 25 Subsequently they also considered orbitaldependence in the Colle-Salvetti C functional as evaluated from those exact-exchange (KLI approximation) orbitals. 30 Again this is an occupied-orbital case. The spurious splittings were reduced but not eliminated. A perhaps questionable aspect is that the Colle-Salvetti functional is extracted from a non-N-representable model density matrix. 39 RPA-like functionals are, at present, the most elaborate orbital-dependent functional class. Though not specifically designed for including current effects, their successes [19] [20] [21] make it worthwhile to investigate whether they become effective CDFT functionals to describe systems with non-vanishing j p simply via evaluation with complex orbitals. In view of the fundamental importance of the degeneracy-breaking issue, here we use free atoms, including those with open shells, to examine RPA-like functionals and their capabilities for predicting accurate atomic total energies, and ionization energies (IP), as well as describing degenerate ground states.
Essential formulations are given in Sec. II, including basis sets and numerical methods, followed by results and discussion in Section III, and a concluding summary in Section IV.
II. METHODOLOGY
As in the case of other rather complicated XC functionals, in this study the RPA-like functionals were implemented in post-SCF fashion, that is, with a set of reference orbitals obtained from a local or semi-local XC approximation or from a Hartree-Fock (HF) calculation. We comment briefly on this procedure in Sec. IV.
A. Basics
The single-particle orbitals of an atom at the origin are expanded in Gaussian-type basis functions contracted from primitives χ j expressed in cylindrical coordinates (ρ, z, φ),
where N j is the normalization coefficient, n ρ j = �m j � � 2k j , k j = 0, 1, � � �, with magnetic quantum number m j = � � � , −2, −1, 0, 1, 2, � � �, and n z j = π z j � 2l j , l j = 0, 1, � � �, with z−parity π z j = 0, 1. This type of basis functions has the flexibility to describe the effects of an external magnetic field on an atom by the use of different transverse and longitudinal exponents α j and β j . 34 The present study, however, considered only free atoms without an external field, so we used α j = β j . Both contraction coefficients and basis exponents were obtained from the correlation-consistent basis sets of Dunning. 40 As an aside, note that the use of real spherical harmonics would not yield KS states that are eigenfunctions ofL z . Upon numerical convergence of the SCF KS calculation, the non-interacting KS kinetic energy T s , Hartree energy J (classical electron-electron repulsion), and nuclearelectron potential energy E ne are available, along with occupied and unoccupied KS spin orbitals, in shorthand notation p = φ p (r, σ), and corresponding eigenvalues � p . As usual, indices i, j, � � � denote occupied orbitals, a, b, � � � denote virtual orbitals, and p, q, � � � denote any orbitals. r and σ = ↑, ↓ are space and spin coordinates. A HF calculation yields the analogous HF quantities, so in the ensuing discussion we refer only to KS unless necessary.
When KS orbitals are expanded in complex basis functions centered at the origin, Eq. (2), all the two-electron integrals are real, since each orbital p has a definite magnetic quantum number m p , �pq�rs� = δ s p ,s r δ s q ,s s δ m p �m q ,m r �m s δ mod(π zp �π zq �π zr �π zs ,2),0
Thus �pq�rs� = �qp�sr� = �rs�pq� = �sr�qp�, but note that �pq�rs� � �ps�rq�, unlike the case for real orbitals. Only required, non-zero electron integrals are stored and transformed in our implementation. From the occupied KS orbitals, j p is
(4) Exact-exchange in DFT is defined as the Fock integral evaluated with occupied KS orbitals,
A combination of exact-exchange E XX x with TPSS correlation, 41 which yields good performance for atoms over a large range of magnetic field strengths, 34 also is included for comparison, E HGGA xc
Since E XX x is fully non-local, this combination corresponds to the fourth rung of the XC Jacob's ladder or hyper-GGA (HGGA). 7 Cautions regarding this combination were mentioned earlier. 34 
B. RPA details
Here we give essential details of construction of the RPA correlation energy in the case of complex orbitals, a more or less straightforward generalization of the real-orbital case. 13, 42 The RPA correlation energy is expressed in spin-orbitals via a coupling-constant integral as
with the same orbital indexing convention as used before. λ is the coupling constant introduced in the adiabatic connection formula. � X n,λ , Y n,λ � are the solutions of the linear-response non-Hermitian eigenvalue equation,
The eigenvector normalization is chosen as X † n,λ
The so-called orbital rotation Hessians A λ and B λ have the matrix elements,
where � i and � a are the KS orbital eigenvalues. For real orbitals, the foregoing expressions can be simplified further by using �ib�aj� = �ij�ab�, 13,42 but here we must evaluate Eq. (7) with complex KS spin orbitals. Since all the two-electron integrals are real, A * λ = A λ and B * λ = B λ . The combinations A λ ± B λ appear throughout the development. (A λ −B λ ) is positive definite on grounds of the Aufbau prinzip, while (A λ � B λ ) is a positive-definite Coulomb integral at all proper coupling strengths. 42 The supermatrix equation (8) reduces to
Upon introduction of the one-component vectors,
the non-Hermitian eigenvalue equation (10) is transformed to two half-sized eigenvalue equations, namely,
Here
, then enables the RPA C energy to be expressed as
where
As a consequence of Eq. (3), the summation over occupied-virtual spin orbital pairs in Eq. (13) can be decomposed by spin i = i ↑, i ↓ and simplified to � ia, jb = (
. The RPA functional defined thereby often is called direct RPA (dRPA) or simply RPA. Since the Coulomb integrals used in the expressions are not antisymmetrized, the direct-RPA C energy suffers from electron self-interaction error (SIE). One way to remove the one-electron self-correlation in RPA is to add the second-order screened exchange (SOSEX) correction. That scheme is called RPA+SOSEX. 43, 44 Its C expression is obtained by replacing the two-electron Coulomb integrals in Eq. (13) by their anti-symmetrized counterparts, to wit
where �ib � aj� = �ib�aj� − �ia * �b * j�, �ij � ab� = �ij�ab� − �ij�ba�, and a * , b * are the complex conjugates of virtual orbitals a and b, respectively. With a little algebra, one obtains the spin-decomposed SOSEX correction to RPA,
All the coupling-constant integrations in Eqs. (13) and (16) can be performed with suitable accuracy by a 7-point Gauss-Legendre quadrature. 42 Correlation-consistent polarized core-valence basis sets, cc-pCVXZ, of Dunning were used. 40 Here X = 3, 4, 5 is a cardinal number. Since the RPA C energy exhibits slow convergence with respect to basis set size, 45 we extrapolated these to the complete basis set (CBS) limit E c (CBS) using a two-point extrapolation scheme,
It is assumed that C is a constant for a given atom and family of correlation-consistent basis sets that differ only by cardinal numbers X. Except for the Li and Be atoms and their ions, for which we used X = 3, 4, we used X = 4, 5 extrapolation. 46 Self-consistent DFT and HF energies from local or semi-local functionals were extrapolated to the CBS limit with a threepoint exponential formula,
where X = 3, 4, 5. 46
III. RESULTS AND DISCUSSION
First we consider neutral atoms with nuclear charge Z ≤ 18, including eight open p−shell atoms. Closed shell atoms and those with a half-filled p−shell (N and P) have ground states with no current density and total atomic magnetic quantum number M L = 0. Atoms with one electron in their open outer p−shell (B, O, Al, S) can have either the p 0 orbital occupied, rendering j p = 0 and M L = 0, or either the p � or p − orbital occupied, resulting in non-zero current density and M L = ±1. For two p−electrons in the open shell (C, F, Si, Cl), the electronic configuration p � p − corresponds to M L = 0 (zero-current), and configurations p � p 0 and
Because both RPA and RPA+SOSEX calculations were implemented non-self-consistently ("post-SCF"), it is necessary to note both the approximation and the reference SCF orbital set used for its evaluation. We follow the notation introduced by Ren et al. to label a chosen correlation method and its reference orbital set. 21, 47 For example, RPA+SOSEX@PBE means RPA correlation energy with SOSEX correction evaluated with self-consistent orbitals from a calculation that used PBE XC. In this study, RPA-like functionals always were combined with exact exchange E XX x and the same reference orbital set was used for both X and C unless explicitly stated otherwise.
In Tables I and II, we give correlation energies and atomic total energy deviations from experimental values (E calculated − E expt ) calculated from several different functionals. 48 For self-consistent DFT calculations, two approximate functionals, PBE 49 and TPSS, are included as representatives of GGA-and mGGA-tier functionals. The HGGA combination of exact-exchange E XX x with TPSS correlation, Eq. (6), also is included.
Our spherical atom results can be compared with published data from SCF-PBE and RPA calculations. Our PBE total energies differ from those in Ref. 50 by no more than 0.3 mH except for Ne, for which we obtained an energy 1.5 mH lower. The reason for this discrepancy is uncertain but plausibly reflects a difference in basis sets (and, perhaps, in CBS extrapolation procedures). For open-shell atoms, we always get energies a few mH below those in Ref. 50 because a nonspherical electron density is admissible in our calculation. Our RPA energies can be compared to the data from the work of Jiang and Engel. 14 For RPA@PBE, the total atomic energies agree with their RPA@BLYP data within 1 mH, except for two noble gas atoms, Ne (ours is 4 mH higher) and Ar (ours is 4 mH lower). Again, the difference may arise from basis sets or reference orbital sets. For example, we used CBS extrapolation whereas they used a hard-wall cavity approach. The generally nice agreement shows overall good convergence in our calculations however.
Jiang and Engel commented that the RPA energies are insensitive to reference orbitals, 14 but we find that to depend a bit on the energy standard used. We take the standard to be that differences larger than 2 mH (≈1.25 kcal/mol) are consequential. Consider what happens with PBE and TPSS (two non-empirical XC functionals in the same lineage) as generators of reference orbital sets. RPA correlation energies based on their orbitals differ appreciably, especially for open-shell atoms. This difference clearly is discernible in Table I . For the Cl atom with no current, the E RPA c difference is as large as 13 mH, albeit the total energy difference is somewhat smaller, only 8 mH. The RPA correlation energies based on exact-exchange orbitals from Ref. 14 also are given in Table I for comparison. Typically those values are between our E RPA c results from RPA@PBE and RPA@TPSS. Janesko and Scuseria also have reported as much as a 50� shift in E c from range-separated RPA depending upon whether the reference orbitals arose from semi-local or non-local exchange. 11 This sensitivity of RPA-like functionals may be valuable as well, in the sense that more orbital detail is detected by the functionals. The specific case most related to this study is that E RPA c and E RPA�SOSEX c can recognize the two degenerate ground states of open-shell atoms with different current densities (M L = ±1 and M L = 0). For the two possible ground states of the F atom, Table I shows that both E PBE c and E TPSS c differ by only about 2 mH between the two different currentcarrying ground states, but E RPA c @PBE differs by 11 mH. This behavior also occurs in RPA+SOSEX. The reason is obvious. Local and semi-local functionals depend only on the electron density and density gradients, not on the current density. The small variation in E PBE c and E TPSS c reflects a slight difference in electron densities, but the structure related to the current density is ignored in the semi-local functionals. On the other hand, RPA-like functionals preserve more current-related structure and are expected to be more suitable as practical current density functionals.
As is well known by now, RPA grossly overestimates the magnitude of atomic correlation energies. 9 The situation is much improved by adding the SOSEX correction. This aspect is seen clearly in Table I . For smaller Z atoms, E RPA�SOSEX c has nearly halved E RPA c , with less dramatic reduction in magnitude for larger Z atoms. The dependence of the correlation energy on reference orbitals also is reduced nearly by half but still is discernible. Inclusion of the SOSEX correction removes electron self-interaction (SI) in correlation, with the result being a C functional fully compatible with E XX x , and correspondingly improved C energies. Understandably, SI is more severe in few-electron systems and thus the SOSEX correction to RPA is more significant for smaller Z atoms. In fact, semi-local functionals, PBE and TPSS, themselves give rather accurate C energies for the higher Z atoms. From , an indication that much of the RPA excitation contribution has been incorporated properly in the TPSS C functional. For atoms with Z ≥ 5, although E RPA�SOSEX c is very close to experimental values, it is still nearly 10 mH short. This is perhaps because of the absence of single excitations in RPA-like functionals. 47 As to atomic total energies, Table II shows that PBE systematically gives under-estimates and TPSS systematically gives over-estimates. The HGGA combination, Eq. (6), improves upon both of them significantly. Since direct RPA without correction gives atomic energies that are too low, E RPA is not included in Table II . RPA+SOSEX@PBE and RPA+SOSEX@TPSS results are very close to one another, with no obvious improvement over self-consistent HGGA energies. There is no meaningful dependence of RPA+SOSEX total atomic energies on PBE versus TPSS orbitals (both from semi-local functionals). But the use of non-local HGGA or HF orbitals instead gives quite large changes. This again shows the importance of choosing suitable reference orbitals for post-SCF evaluation of RPA-like functionals. It appears that orbitals from semi-local functionals are the better choice for total energies.
Since RPA omits single excitation, Ren et al. proposed a hybrid-RPA scheme as an approximate remedy. In it, HF orbitals are used for E XX x and PBE orbitals for E RPA c . 47 We also checked this hybrid scheme in our RPA+SOSEX calculation. Results from it are labeled as "Hyb. 1" in Table II . It does not improve upon RPA+SOSEX@PBE total energies but shifts their error from positive to negative. We thus tried a new scheme, labeled as "Hyb. 2" in Table II is calculated from HF orbitals, with the other half still calculated from PBE orbitals. This combination is the average of RPA+SOSEX@PBE and RPA+SOSEX@Hyb. 1. It gives very accurate atomic total energies, with an average error of only 4 mH. The combination is reminiscent of the earlier half-exact-exchange hybrid approach proposed by Becke. 51 Details of how these two prescriptions are related remain for subsequent investigation.
Now we turn to the long-existing difficulty of nondegeneracy of current-carrying atomic configurations (M L = ±1) and zero-current configurations (M L = 0) summarized at the outset. 23 Since local and semi-local functionals usually generate lower energies for M L = 0, that value commonly is chosen as the ground state. Table III compiles the differences in total energies between M L = ± 1 and M L = 0 states from a variety of computational prescriptions. Our data in the SCF-PBE column agree precisely with those from Ref. 28 because their construction of complex KS orbitals is equivalent to ours. However, our SCF-PBE and SCF-TPSS energy splittings are consistently larger than those given in Ref. 29 . Apparently the difference stems primarily from the different reference orbital sets employed. While we use non-spherical self-consistent orbitals, Tao and Perdew used spherical spinrestricted HF orbitals and densities.
Next we consider various schemes to remove the spurious energy splittings between current-carrying and zero-current atomic ground state densities. In Table III , Becke's modification of the Becke-Roussel functional 27 is labeled as jBR. The spurious splittings are reduced significantly but not removed. The extension of PBE by Maximoff, Ernzerhof, and Scuseria 28 to include j p explicitly is labeled as jPBE. Table III shows that it can give smaller magnitude splittings than does jBR, but not consistently so. That table also includes the findings of Ref. 25 , namely, that the exact-exchange-only functional in the KLI approximation 26 gives much larger magnitude splittings in spin-unrestricted calculations than in the spinrestricted case. Those results are listed under the headings x-KLI, subheading SDFT for spin-unrestricted DFT, subheading DFT for spin-restricted. The SDFT splittings are roughly 10� smaller than HF splittings.
Results from the Tao-Perdew 29 extension of both GGA and mGGA functionals to include dependence upon the gaugeinvariant vorticity variable �, yielding functionals called CGGA and CMGGA, respectively, are listed in Table III under the heading ν−DFT. They reduce the artificial splittings in their parent functionals by more than half but their performance is not as impressive as the j p -dependent functionals.
In that context, it is significant that Table III shows that self-consistent HGGA itself reduces the spurious splittings substantially, by four-fold from PBE and eight-fold from TPSS. RPA+SOSEX@PBE only decreases the PBE splitting by half, but the order of degenerate ground states is reversed. Current-carrying states (M L = ±1) have lower energies than zero-current states (M L = 0) in the RPA+SOSEX@PBE calculation. Since TPSS has large splittings, it is perhaps unsurprising that RPA+SOSEX@TPSS reduces those greatly but leaves unsatisfactory results nevertheless. RPA+SOSEX@HGGA and RPA+SOSEX@HF, which are not the best performers for atomic total energies, give the smallest mean splittings and the smallest mean absolute errors (MAEs) among all the methods included in Table III . It may be important for the reference orbitals to be self-interaction free in order for RPA+SOSEX to be able to predict degenerate ground states. Results from RPA+SOSEX calculations based on hybrid orbital sets discussed above also are included in Table III . Perhaps the hybrid scheme 2 is the best choice when both the accuracy of total energy and the near-degeneracy of different ground states are taken as simultaneous requirements. Alternatively, one may examine atomic ionization energies. On the basis of their finding only small but non-negligible current-dependent effects, Orestes et al. 35, 36 suggested that functional refinement was required. With higher-rung functionals now available, especially orbital-dependent ones which can include current density naturally provided that complex orbitals are used, it is reasonable to restudy the issue. Therefore we also checked the first atomic ionization energies produced from the different methods studied in this work.
The ionization energy (IP) was taken as the difference between the free atom total energy and that of its corresponding singly positive ion. As before, there is an ambiguity for some atoms in the calculated ionization energy, namely, whether a current-carrying or zero-current state is chosen for the neutral atom and for the ion. Table IV therefore shows explicitly the chosen atomic and ionic states used to deduce the IPs reported there. Note that since the two outer p−electrons in the M L = 0 atomic state occupy both the p � and the p − orbitals, removing either electron will result in a current-carrying ion, hence the case M L = 0 → M L = 0 is not included in the table. Table IV shows that semi-local functionals actually are not bad for ionization energies. PBE and TPSS again give results close to each other, with their mean absolute errors (MAEs) only 0.2 eV. The use of exact exchange in HGGA reduces the average error but does not improve the MAE. Without SOSEX correction, RPA@PBE results in larger errors than those from either PBE or TPSS. This again traces to the RPA overestimation of correlation energy magnitude (recall Table I and discussion of it). The situation is much improved when the SOSEX correction is added, especially for lower Z atoms. RPA+SOSEX@PBE gives an average error of only −0.06 eV and MAE of 0.08 eV. The use of hybrid reference orbital sets does not yield much gain in accuracy of computed IPs, but the use of the prescription of Eq. (19) does reduce the IP ambiguity substantially. For example, the difference between
is 0.30 eV from PBE, 0.67 eV from TPSS, and 0.63 eV from RPA@PBE, but only 0.01 eV from Eq. (19) .
The ambiguity in calculated IPs makes the comparison with experimental data somewhat murky. If one compares the TPSS value for C(M L = 1) → C � (M L = 0) (11.21 eV) to the experimental estimate (11.26 eV), it would seem that the theoretical prediction is quite accurate. However, if one uses the TPSS value for C(M L = 0) → C � (M L = 1) (11.88 eV), the presumed error would increase by an order of magnitude. The ambiguity ultimately limits the predictive power and usefulness of the functional. This embarrassment is largely removed by the use of Eq. (19) since it reduces the ambiguity to a level usually much smaller than other residual errors in calculated IPs. It appears that the effect of current density has been included appropriately in this functional. This good feature also is found in the HGGA functional, see Eq. (6).
IV. SUMMARY AND CONCLUSIONS
From the study of total atomic energies, spurious splittings between current-carrying and zero-current atomic states, and ionization potentials, we find that two functionals are the best in their overall performance. One is E XX x combined with TPSS correlation, which stands on the HGGA rung of the DFT functional hierarchy ladder. It has the virtue of simplicity while providing sizable improvement over semi-local functionals. Although RPA+SOSEX@PBE has rather good performance and gives very accurate atomic ionization energies, the spurious splittings from this functional between two degenerate atomic ground states, M L = 0 and M L = 1, still are too large to be acceptable. The use of hybrid reference orbital sets, Eq. (19), incorporates the current density and considerably reduces spurious splitting, while simultaneously giving highly accurate atomic total energies and ionization energies. This functional is the other one that we propose to use at the fifth rung of the ladder. It is plausibly a practical implicit current density functional one could use when current effects need to be included.
Given the context, it is almost automatic to raise the question of whether there are explicit CDFT functionals (current or vorticity-dependent) which could be useful in conjunction with the orbital-dependent functionals evaluated with complex orbitals. One obvious form of such a strategy would be to obtain the SCF orbitals from such an explicit CDFT functional calculation (instead of, for example, a PBE XC calculation). The barrier to this approach, as we discussed in the Introduction (see just after Eq. (1)), is that there are no really successful CDFT XC functionals. Earlier we had shown 33, 34 that VRG, 32 the only functional available even at the LDA rung of the Jacob's ladder, is unrealistic and that the vorticity is a difficult computational variable. Lack of progress in overcoming those barriers was, in fact, a significant motivation for the present study. Orbital-dependent functionals (e.g., RPA+SOSEX) with complex orbitals appear to alleviate, at the very least, the necessity of including explicit current or vorticity dependence.
